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E T MCMC =FfhhtE R EZB08IL IR 12
FENEMITERELLE

KW

(FER T R ZF OISR R . D ERS FBFSE R, )M 510631)

i OE MRS T AT I TR A B O I 5 He, E T O B R S T pxi M
pxixhBit, SRABIIFSEMSSEFST, H MCMC =i 5(M-H 5575 . Gibbs FliAEF HMC 5% 1L
By 2oy A, DR RS R SRR ()R BIRER X MCMC =Rl 5 2 LT JEE 0, MCMC
XF TR BAEAG T BA BOR TR e )81k b, AE Bl AmAm e m s m RS A HERR M & 3)IL
HMC B Bt , EmA 2 T AR AR e s, {3 M-H 3558 Gibbs HIFERIZBR T o2 (h)
MTHHERPEER A =5 (445 M-H S5 M Gibbs FER Z TR o (h) AT HETHEA S R BRI, WIFHLE h =4; 4ok

WHFEE AR E ] MCMC J7 10T, HMC BB AT .

X8R MHMEENES, rESEAETT, MCMC Ak, M-H &%, Gibbs filikE, HMC &k

SES B84l

1 55

HEAL P8 (Generalizability Theory, GT)Z7E4
) 55 B A I R R Y, RO T AT I AT
SR IS (BOLY], 2B, 2022), GT BB IX i
W3 A i Z R0 R 22k IR, IR AS R R IR R 22
X E AR 20, C8) 2 8 0 B 1Y) S
Eerb, Rl A EBOE - K RELMETE
B o NA IR 45 1 2 07 H G FT 45, 2018; F8E
3L 4%, 2025; Jackson et al., 2016; Li & Wu, 2023),

ME AL B8 73 My 62 45 HE AL BT 5% (Generalizability
study, G F53) RIS WF5T (Decision study, D #F5%)
A R (W, 5Kk, 2003; Liao, 2023). G 5T
[ 32 AT 55 2 R 0T R 22 ML A2 B ) o 0k 7R P i 45 R
R 22 R, TR AL T AN R R 25 ok U Y U 25 41 &=
(Variance Components, VC); D fiff 57 i% & BT 55 & 7E
WEACAT 0 0 B 1, MR AR 52 B v ELAA 1Y) ke 5 e 22

e F 2 2025-06-16

A8 7 9] A T o R R ) A% o O R R o I e R 22
FUEAT L, J7 2253 A2 GT 43 H il i 20 R
(BOLM 4%, 2022).

BEAL BT I T Oy 22 7 Al T 2 B Z R IR R B
SR, AR R L R L WSS HEA
KREH(BIW, 2016; Brennan et al., 2022; Li,
2023), Traditional , Bootstrap . Jackknife , MINQUE .
REML (Restricted Maximum Likelihood Estimation)
1 MCMC (Markov chain Monte Carlo)&F 5 4R Al
L HIRAS 1175 2243 5 (Brennan, 2001; Jackson et al.,
2016; Lopilato et al., 2015), R AFFFEEW, ¥
MCMC J5 1T GT WAl i+ 5 22 3 s BHA LR AL
(Chen et al., 2022; Enders et al., 2013; Jiang &
Skorupski, 2018; Lopilato et al., 2015): —J&fE4i
Ty 2oy e AT e dERR Pk, JF AT D AR T B R
BRI AT FEPEFR RO BAE X R, 8 0] LUh 2 on Ak
R ALY 7 2243 B AR TR A B A X E) Al T HE; =

* TR ARBA LA LI H (2021A1515012516) | R4 1 2¢ 4t SRk A R 24 R L @ 30 H (GD24XXL03) A4 B i i K2 vl b ok

O HE I E R
BAEVEE: 2GHH, E-mail: Lgm2004100@m.scnu.edu.cn
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S HAA T A e, MCMC 7 AN 2kt i
()5 22054, =J& MCMC 7k BA RiEE, i
- BB T g Ak 3R SR B A A A BN

{HJE, MCMC J7riEfEAE 2R iie 5 i, /5 23t
fTE# . Metropolis-Hastings (M-H)%.3: & MCMC
ITE R D ARE TR (B K 42, 2017). Gibbs filiFE 2
PN 1M M-H O B3E, Ko 41,
Kk, 2016), M-H 531 Gibbs flFE#R & T e 5
B, B AR R i AL ETT R YR 2
BRI SR T, X AR AT REAE TR T B
K FETRET A S [l 5, JEH Y RIR S5 R £
TERSR A AH O OC R B, ISUEUR A K3 (Hoffman
& Gelman, 2014), J5k, A FERE T R4
¥ ——HMC (Hamiltonian Monte Carlo)%. 72,
REfE A S50 e AE S R R A BEAILITE B AT, Bk
S R (Neal, 2010), AR E/R, 5 M-H &
A0 Gibbs fAEAI L, HMC &3k BHoAg — Bo i3
(Nugroho & Morimoto, 2015), HMC FiLRR T & —
o4 Ry SRRV, REAE A RIGRE SR BRI AE 1T Z A8,
2 A A 5, Rets U I 8 & H br )5 30 4010,
M REAL PR AEAR 43 19 B2 %A 8 . Lopilato 45(2015)
R HMC Bkt GT Wiy 2srm, I
K FRUN T A2 L1 e T REML J7F MCMC
DB WA T e PR, (BBAA X HMC 5k A H At )
MCMC $hAE 7 Al TR AT Lh i . BT, XFF
HMC 55 pF9E 24 v T 482 )y T A —2E B
& B9 B i 3¢ (Bourabee & Sanzserna, 2017;
Chaudhuri et al., 2017; Monnahan et al., 2017; Zhang
et al., 2017), {HJE, HAFFEPI SN B . — BB
FHH HMC FkiT 2 50 a SR B 1 GT
St & MCMC =il i m T GT 4y
A PERE AT ? 154 1k R A E A AT I BT .

BT A BT E B R A — I,
iSRRI T EI e i B S SEN DR L ra a7
RN H AR 0 4 — 4> 7K PR S ) & ) i Y g —
MIKEGE A IS T . R B2 p, Wi
e A2 0, R 2 B T 28 ST AT pxi R o Bl
AT A8 U T A 75 5 S D T, e L A 0
T 1) RS KT AR AN A H bR 8 B AN IK O —— 45
o Blan, FEIUVFEGE R T, B AER
T EESEIN 5 ARE, It HAA2EA N 5 A8 H #
B 3 DrECEBOBIEANY, RIRE ZOM XS R~ 22 A A
B — AR L AT T 4o WA B AR p(3#
A2, PRSI I A 2 1 E )R h(GEUm), 84

XU T 22 ST AT T pxi xh R .

AWFFE B AR DL S HE L R 19 MCMC
BN AT GT o, -t M-H 559 . Gibbs 4l
FEFI HMC 53k =Rl 7k, 1EAS R EdE 6k L
B R Uy 25 mAli e bEgE2E . BRI, A
T GT o WA W FpAE AL 5 11 ( pxi BT
pxixhigEit)y , 38 i A 480 AF 53 RN S GE BIF 5 ok 446 35
MCMC 77 18 = Rl 75 1A 1 22 43 1 10 E Aff
PR, IFRBEEIRIE X — AR ik A Ty 220 e B
RIS, SR R Y 92 BRI LR e .

2 BT S BT px i B SE

TELAMTE 32 LB pxi h, 235 M-H 5
7% . Gibbs filIFEF HMC B iEAG TR A N W7
25074, PRIT =R A T 22 0 s R I
HgmHE,

21 MRIEIT

S DR T N T 2 BT pxi (915832 (Mao
et al., 2005), ¥ 0 o (p) . o> (i) il o?(pi) i
EAH BN 4. 16, 64, BIES A0 EHE, #F
AEEE R p BFACTEUE 100, i Y7KFEOR 20,
AR BB

(DMCMC ) =Aphke ik, Bl M-H 59
Gibbs fliFEFT HMC 51k

Q)= MR R, IMAEERLKE MCMC
(MCMC with informative priors, MCMC inf), Jof5
B MCMC (MCMC with non-informative priors,
MCMC non) M £ 5 PE 5% MCMC (MCMC with
empirical priors, MCMC emp),

HR 8 DU 4y 25 12 v S S8 50 20 A 0 P o (B
K4, 2017), ¥ Sese s 20 B AR oA i Ry i fin 43
i (IGamma) . & % Tif A\ W58 4 56 35 45 8 14 &%
(Lopilato et al., 2015; Mao et al., 2005), % 1 £ T
SRR B BRI E T .

(3) = A5 A RfEMLERIS LB, B 0% 5% 10%.
FEC FRGE T 5 00 6 11 5 Ak R b 2 3 B0 08 sk
P HAE DL, HRYE AT AWEZE A, MCMC J7 ik BE S 4f
iy 4 B 2 KM (Enders et al., 2013), I, &%
Lopilato Z5(2015)7EH: GT stk oMl 5 B 5 e,
BE T =R 2 BEHLERS ] 0% . 5% 10%.

ZE E Ak, BB . 3 AR T s
(M-H. Gibbs, HMC) x 3 F5E56{% B (MCMC inf,
MCMC non, MCMC emp) x 3 Fhik2k F (0% .
5%. 10%) =27, BFPAF NI 1000 ¥k, Wk
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F1 BMERZZI pxi H=MEREFR

PL TR DN a*(p) o2 (i) o?(pi)
MCMC inf IGamma(2, 4) IGamma(2, 16) IGamma(2, 64)
MCMC non IGamma(0.001, 0.001) IGamma(0.001, 0.001) IGamma(0.001, 0.001)
MCMC emp IGamma(2, 5.95) IGamma(2, 24.07) IGamma(2, 95.97)

ST 1000 HERERFBE . J7 225 A THE K
1000 YA THE R E A = AT 22 e =
fhitt, B o?(p). o (i) Flo®(pi).
22 EBiRE

B A v 28 IR T fi 22 (Bias) A1) J7 AR % 22
(Root Mean Square Error, RMSE)(Medvedev &
Siegert, 2022; Medvedeva et al., 2022), HiTH /A

W
_D0-0
Bias= (1)
n
2 0-0y
RMSE = = (2)

EARMMARQH, 0FREFRERG T ET
fhHE, B 225 m AT, 0 FoRgiit i B
H, BI5 2250 B EAH; n FoREERh AT HA Y
EL. Bias BYZEXHE /D, ffiH8HERf . RMSE [
RSN, AR A
23 HEEME AT
KSR RIS EHR BRI AR, 76 R A A ik
1000 AL IE A 73 A0 09 FE A0S, ARG (Y 5027 155 Al
WM.

X =U+0pZy+0iZ +0,Z 3)
ARG, IS o (p) . o’ () fl o?(pi) IE
AR 4. 16 1 64, uh 0, FFERIARHEIE
BAi zy . z Mz, S oy o Moy R,
4 A 2R 30 A4S 3 BUE AH i #5210 481 1 5 4
(Mao et al., 2005), 7EMEAN I, AR THEA R
100x20 [ 58 B A RIS o SRIG, AR = FPAS[R] 9 di
I L AIABEAEL H 58 A BEAIL B T A i R H5CHE R

KA M-H 5% . Gibbs fFEA HMC 53, 4
SIE pxi BT SEATAR TR, A5 B AH R Y Ty 25 40 i
g5, Horp, M-H 805 i R 2418 F BRugs 2%
SEBL; Gibbs filiFf i i R #AFIR 1] R2jags 615 JAGS
A BEEE 0B HMC 5k 3 R #F94 ) Rstan 2
KL MCMC 1) B3 Fh B R ER U B — 4% Markov %%,
B ARBETEAR 10000 W, FEWITTF 3% AR I A B BEAL
BONEEE, I AAEWESE h & 07 5000 3K i 44

(Burn-in) Y& AR 45 2R .
24 EIER

XFF pxi B, BELE T R BT IRE, %
2 Svs 111 G B Bk ~ 5T KBV A I i (2 2/ €
5000 FEEEIL BRI, AR 5001 FFiR
210000 7K, 42k Markov £ (U{ELHS M A THHE, X =
2% Markov #EKF-45, HIAEAFEIHMETHE. =
bl 2 F AR (R 2k 0%/5%/10%) Y pxi 375 2243
WA AR 2 R,

MR 2 1ME R, "% M-H %% . Gibbs filifE
M HMC FA7E =M ess (G B AT, RIFEEK H
14 )7 2243 . Bias Al RMSE BYAh 4558, % 1&3
MR L] 0%F1 5%, A5 R 5 E R ] 10%0
SERILAAE, FESLARFEH, LA B 10%
JB, nE 1 TR

M Bias IIZ5HATH, A HBIER AT (B 1
) a [B), M-H B Gibbs fliFEAT HMC B3R
T 22 Y (-1, 0.4); TEZRSR PS5 264 T (K
L c &), —F WA THm 2275 H v (-0.2, 1); ThifE
TAE BT 1R b K, =& WA
EEIN(-0.5, 2.3), 75 =FCs s 540 F, M-H
Bk | Gibbs filTEE AT HMC Bk %} o2 (p) Al 22
H# AT, EAXF o2 () o (pi) A T 22 6 30
F— . AR AT, M-H 330 o2 () Bofl
25 T 0, i Gibbs HHAEXT o (pi) 911k
ZEHEPLT 0; AELRMRK AT, HMC 5kxt
o (i) AR 2Z 235 T 0, T M-H B xf o (pi)
AT 2238 T 0; M5 BAe & T, =Fb
SHRE DT H T o (pi) B TR 22 5 M BE3E, T HMC
B o (i) A 2 T/ N— 5

M RMSE 259k F, M-H 5% . Gibbs filif
1 HMC BIELEGR A LB 10% . —Fhoem(E B 4%
PR, flith 3 240 /Y RMSE #R T . H
1, o2 (p) i RMSE [HEEE T 1, o (pi) Y RMSE
{HAERIEE T 2, 1 o) B9 RMSE {H7EA 5 B %
MRS FEEE T 5, s BeR&U T
T T 60



2156 L | 2% # 958 &
Fz2 pxiiFitAESENMHITERERK 0%/5%/10%)
SeRE R AT A a*(p) (i) o (pi)
\%e 3.797/3.815/3.743 15.664/15.727/15.868 64.059/64.121/64.167
M-H Bias ~0.203/-0.185/-0.257  —0.336/-0.273/-0.132 0.059/0.121/0.167
RMSE 0.938/0.980/1.029 4.679/4.966/4.937 2.072/2.167/2.270
vC 3.844/3.754/3.801 15.873/15.971/15.741 64.110/64.197/64.033
MCMC inf Gibbs Bias ~0.156/~0.246/-0.199  —0.127/-0.029/-0.259 0.110/0.197/0.033
RMSE 1.025/0.989/1.053 4.929/5.082/4.725 2.106/2.123/2.264
vC 3.625/3.694/3.683 15.156/15.112/15.199 64.124/64.095/64.173
HMC Bias ~0.375/-0.306/~0.317  —0.844/~0.888/~0.801 0.124/0.095/0.173
RMSE 0.991/1.021/1.083 4.735/4.741/4.719 2.160/2.196/2.250
vC 4.015/4.014/4.003 17.664/17.683/17.835 63.966/64.156/64.175
M-H Bias 0.015/0.014/0.003 1.664/1.683/1.835 ~0.034/0.156/0.175
RMSE 1.068//1.068/1.086 6.023/6.219/6.321 2.047/2.162/2.189
vC 4.065/4.048/3.957 17.787/17.678/18.031 64.063/64.138/64.114
MCMC non Gibbs Bias 0.065/0.048/-0.043 1.787/1.678/2.031 0.063/0.138/0.114
RMSE 1.086/1.079/1.138 6.261/6.086/6.501 2.037/2.175/2.272
vC 3.897/3.813/3.763 16.390/16.909/16.758 64.111/64.074/64.190
HMC Bias ~0.103/-0.187/-0.237 0.390/0.909/0.758 0.111/0.074/0.190
RMSE 1.132/1.157/1.215 5.585/5.914/5.754 2.170/2.157/2.214
vC 3.980/3.931/3.963 16.639/16.760/16.814 64.048/64.155/64.022
M-H Bias ~0.020/-0.069/-0.037 0.639/0.760/0.814 0.048/0.155/0.022
RMSE 0.964/0.908/0.943 4.747/4.851/4.921 2.016/2.162/2.185
vC 3.990/3.900/3.898 16.449/16.836/16.611 64.096/64.056/64.195
MCMC emp Gibbs Bias —0.010/-0.100/-0.102 0.449/0.836/0.611 0.096/0.056/0.195
RMSE 0.951/0.943/0.965 4.612/4.917/4.822 2.064/2.177/2.236
\%e 3.836/3.818/3.853 16.053/15.814/16.032 64.111/64.111/64.182
HMC Bias —0.164/-0.182/-0.147 0.053/-0.186/0.032 0.111/0.111/0.182
RMSE 0.951/0.977/0.997 4.843/4.587/4.591 2.034/2.114/2.152
040. —MH - Gibbs - HMC ~~M-H - Gibbs - HMC 100, —M-H - Gibbs -~ HMC
0.28 - e 0.80
: 0.60
) 1.50
27020 ://_'// , g 110 2 0.40
7 —0.40 P~ i 7 pi m 0.70 m 0.20
-0.60 “_ s 0.30 0
—0.80 - -0.10
-1.00 ~0.50 -0.20
a. Missing 10%, MCMC inf b. Missing 10%, MCMC non c. Missing 10%, MCMC emp
600, —M-H - Gibbs - HMC 700 ~~M-H - Gibbs - HMC 600, —M-H - Gibbs = HMC
5.00 6.00 - 5.00 -
& 4.00 8301 £4.00
3.00 Z3001 3.00
2.00 2700 - 2.00
1.00 1.00 - 1.00
0 - 0 - 0 .
P i pi P i pi P i pi
d. Missing 10%, MCMC inf e. Missing 10%, MCMC non f. Missing 10%, MCMC emp

B 1

B2, TERMTE A kT pxi B, M-H Bk
Gibbs filIFEF HMC B3k i 07 22 43w Ak T HER TR

pxi it Jr 2243 5 1) Bias il RMSE Bl (K A 10%)

H—E ANFEBREHIT, J5 20l
SAR/N o =R F BAIE T X T 25 AT
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WERRTE 22 R B0, AR B e v 24 T
J7 2257 AT R A X R i — 2

3 RN A2 T ( pxixh )L
il 5%

FERUI A8 LT pxixh i, 43 B M-H
k| Gibbs fEEFT HMC EyEAS TR 41 R 1
Jr o, W SRR TR Al T O 224 i R
R FEm %

31 #WRiEIt

225 DUAE 08U T 38 LT pxixh 3
(E3H %%, 2016; Tong & Brennan, 2007), #7722
Srito?(p) . o’ (i) « o’ (h) . o’ (pi) . a7 (ph) . o (ih)
o (pih) FEAEBISEN 16, 4. 1, 64, 2, 30
144, BUUIES 0 s, AR E N : p K
SR 100, i BZKSFHUE 20, h YK SFEHO: 2. 4
A A BOHEE (Lopilato et al., 2015), 15 B C5 a1k
FEAE N7 255y B BAE, TofE BB mik e il
IGamma(0.001, 0.001), £ 55 ¥ 5 46 /% &% & (5 A
REML 7 32 5 WU 1 58 X3 31w o 22 43 e (A 3
fHRY 1.5 4%, a0k 3 o,

55T 28 et pxi Bt —FE, XU E 32 X
Wi pxixh &K LB E R 0% . 5% 10%, LA
27 FPREALL A o AR S5 F T #RABE4EL 1000 7K, 31X 1000
AT 25 P34 (E B T 22 40 A T HE, 847
7 AT ES T B, Wol(p). o’() . o’(h).
o’(pi) . o(ph). o?(ih)Flo*(pih) .

3.2 k&R

[ A= (DHFAR(2).
33 HEEME AT

FE R A A 1 1000 FHb 15 25 50 A Y 4 458,
AR O BA RN T

Xp = H+0pZy+0iZ +01Z, +

O pi Zpi 9 phZph + OinZin t O pinZpin 4)

MA@ T, FEBIESS AN 7 AE, B
Zov Z\ Zn Zy Zpgns Zp M Zgy, FFIX7 AMEST
B 5 xR 22 & o (p) . o) . ot(h) .
o’ (pi) . o’(ph) . o*(ih) . o’ (pih) ME(E(16. 4.
1, 64, 2, 3. 144)fH3F R A, 045 2] T BILLR) bl
LR, FEA AEA R 100 x 20 x 2 A 58 B KL a4
P, FRARE = RS B ik b AL HS 58 42 Bifi B R
P B BRI . SR, SR A M-H 5.7 L Gibbs
FFERT HMC 553 5% pxix h B Bds 1Ak,
PR BN AR N I 7 2257 Al T E . Hidh, M-H Bk i
R 18 H BRugs fL3RS2EL; Gibbs filiAfiE L R K
9 H R20penBUGS 5 BUGS #4454 52 8K
HMC 5kt R A Rstan GRS, REFh
AR AR B = 45 Markov 4%, & &4EEAC
10000 ¥X, 4RI 5000 YK IEIRLE R .
34 fHITER
341 AEERKLEFITHMEITER
55w a2 it pxi it —#FE, pxixhik
T HEAE B RLE 3T R AR EAT AR, e 2eik 5
oS, kBRI s kAR, R BRI BN
5000 giREIA I FF2 0 A, KIS 5001 JF46 =
10000 ¥X, %45 Markov i (Y(E AR WAL THE, XF =45
Markov 4% 3K F- 3, B R & 4> G2 1F 9 4k i (E .
pxixh &It 25 AT R G 0%, 5%.
10%) 13 4 &3 6 IR,

MRE R 4 3 5 Mk 6 EE, % M-H 5k,
Gibbs A HMC Hk 78 = FPAE RS B4 T, A
[ 2k LA (0% . 5%F1 10%) 75 2543 & . Bias Hl
RMSE BfliTH453 . 55 se ik it pxi it —
RE, ALLABRZE H ] 10% 100, il 2 s,

M Bias IWZ5HAFH, A (H BT (2
FiY a &), M-H 83k . Gibbs filiF:f1 HMC B kA9
At m 250 R (—0.8, 1.2); FEL et s51F T (&
2 Wiy ¢ /), =F AR 2GRN (0.8, 1.2);

x3 WMERRiEIT pxixh I =FEKEFER

kY MCMC inf MCMC non MCMC emp
a(p) IGamma(2, 16) IGamma(0.001, 0.001) IGamma(2, 23.76)
o’(i) IGamma(2, 4) I1Gamma(0.001, 0.001) IGamma(2, 6.03)
o’(h) IGamma(2, 1) IGamma(0.001, 0.001) IGamma(2, 1.53)
o2(pi) IGamma(2, 64) IGamma(0.001, 0.001) IGamma(2, 95.93)
o?(ph) IGamma(2, 2) IGamma(0.001, 0.001) IGamma(2, 3.02)
o’ (ih) IGamma(2, 3) IGamma(0.001, 0.001) IGamma(2, 4.52)

a?(pih) IGamma(2, 144)

IGamma(0.001, 0.001) IGamma(2, 216.14)
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10 ] FOEH]: BT MCMC =R R 12 iR AL B8 Jy 22 43 5 A 1R 1 LE e 2161
120f —M-H Gibbs —-HMC 70.00 ——M-H -+ Gibbs —- HMC 1.20 —-—M-H Gibbs =-HMC
0.80 , 60.00 1:00

o o 50.00 0'80 ]

8 040 % 40.00 L, 060 ,
|0 / 3 30.00 g 040 . Y
b PT R pi /plfja’ﬁ pih - 2000 m 020r —,:/
BN 1000 T R b e
- = = U, = N //
o8 10000 p i h pi ph ih pih 480 .

a. Missing 10%, MCMC inf

b. Missing 10%, MCMC non

c. Missing 10%, MCMC emp

6.00p ~M-H - Gibbs --HMC 950~ —M-H -~ Gibbs —~-HMC 600 ~MH - Gibbs ~-HMC
5.00 / )
& 4.00 / i 200 m >0 /
150 © 4.00 A
= 3.0 / / 2 2 3.00
2.00 / \ x,// 100 200 /\
- . \
U’g N 50 /\ 1.00 N (N
i i ; i 0 e —— 0
p i h pi ph ih pih p i pi ph ih pih p i h pi ph ih pih
d. Missing 10%, MCMC inf e. Missing 10%, MCMC non f. Missing 10%, MCMC emp
E 2  pxixhi%itJy 22585 Bias F1 RMSE & (B2 il 10%)

MTET R B840~ (E 2 iy b &), M-H &k
M Gibbs LN o () B 2237 Kk, 4351k
48.424 1 60.315, BRZEX P4 Bias {H, —Fiilikedy
B THRZTEE N (-2, 3). AEERRANT,
M-H B34 o (p) Bt 22 5 %38 T 0, M-H &
1 H1 Gibbs HEEXS o2 (i) « o (h) F1 o (ph) AOAL T
22 HMC BRm/INEA S 32530r), = o H
B3N ES AN TR ZE B . FEL BSR4
EF, HMC 3% o (hy fAs I 22 B 308 T 0,
M-H 3% H1 Gibbs filiFExt o2(p) . o?(pi) . o*(ph)
1 o? (pih) FOAL TR 22 H HMC B8 mg /N ((EAR 24 4%
), SR TR o () B o (ih) B TR 2E 4R

M RMSE &5 58K E, A1 RBERMmanm
SEI 4R, M-H Bk | Gibbs HEEF HMC B4
T 250 1) RMSE # AT . = AR A
it o?(h) . o*(ph) Fil o2 (ih) B RMSE # /), fhiit
o(p). o’(pi) Ml o?(pih) ) RMSE # k. 7EL(E
B A F, M-H Z3EM Gibbs flAERT o (h) £
11 RMSE JE% K, 4053128 94.872 Fi1 199.282,

M2, BT EBERFAMFT, M-H 5k
Gibbs HlIFEXT o2 (h) Bf T 225k, Hfb s rE T
AR T X O 22 A T HE AR B LR
Wegh, XRWPLETTHE BRI HMC Bk peHE
i 22500 o2 (h), HARAIE T =FdhRe o7k
T AT HE AR e iz, (H AR R A —,
342 AE hMEKEHTHMEITER

TETfE BRI &R, M-H B 1EH Gibbs Ak
XF o (h) (ot w220 k. PRI, 36 h Al i sk
SEHL, LIERSE M-H B 1 Gibbs kR & 75 EAE 8 R
WG o2 () o ZEJGIE BB ER 4 F R, h A A4 7k
SEHCH 3 2 6 B, M-H 835 fil Gibbs HiliEEXT o (h) 1Y
flhitas s 7 f 8 fin .,

R7 M-HEZEMGT A WER

B AhiHE h=3  h=4 h=5 h=6
vC 3.782 2200  1.965  1.505

Missing 0%  Bias 2782 1200  0.965  0.505
RMSE 6219 2598 1987 1343

vC 8.153 2916  1.789  1.466

Missing 5%  Bias 7.153 1916  0.789  0.466
RMSE  12.026 3.397  1.925  1.268

vC 6.809 2817  1.782  1.533

Missing 10% Bias 5809 1.817 0.782  0.533
RMSE 9538 3310 1.817  1.400

% 8 GibbsHi#fit o°(h) WER

B f5iMfE h=3  h=4 h=5 h=6
vC 8.136 2965 1.853  1.637

Missing 0%  Bias 7.136 1965  0.853  0.637
RMSE 11989 3.821  1.952  1.512

vC 5676 2769  1.868  1.666

Missing 5%  Bias 4676 1769  0.868  0.666
RMSE  7.781  3.332  1.888  1.543

vC 6.195 2526 1916 1533

Missing 10%  Bias 5195 1526 0916  0.533
RMSE  9.044 2940 1958  1.405

MR 7 FIZK 8 AT A, BEE h T K F-E 0y 3 i,
M-H % F1 Gibbs HlEERT o2 (hy A9 (8 ke s
T H.EA{H 1, Bias {Hf1 RMSE {HARZHIE /N, 24 h
T A 7K 8k 3 I, M-H S35 F1 Gibbs filiAE X}
o (h) B R 22 AR AR A . SR, 24 h (il
HIKSEBOE N A 4 B, M-H B LM Gibbs flikE X}
o (h) MR 80/, HAkssnh 5 /6 i, A
THmZE BRI K, h Ml KFECH 4~6 B, Jr2
s Bias (HAYIX VG FIECNRRE, SAFELR
2B PR S0 258 T Y DX TR) 98 BRI B 20 . 2 ho Al
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T A K28y 4 8 20, M-H O BE A
Gibbs HFEXT o (h) BRI 28/, S4B
gAY G S DA D L Sy s S 1 A 2 N S 1
FEH LR M-H B35 Gibbs SRS T 0L 1]
BBy 20 R, WIBFSE h MK 2
NAKT 4, DAGs il 125 0 s v

4  SCUEMEST

4.1 pxiigiTELIEEE

KM Zung (1965) % il () H AR H PF it 3 (Self-
Rating Depression Scale, SDS)XJ 2% Az 47 & .
SDS i 7% 20 A S WHmAR &2 iy H, Horp, 10
TR EIE 8, 53 10 WO BRI, 355 4n

“EALAF RN, EEARDLT A —RZh
FURRSF” &, FE R IR R 4 90350 1
TR BABARDIE” 2 FoR O NERGITET 3
TR M Z W], 4 FRoR Y RER o AT E] 7

i AR T v [ g T ST BEHLIBORE Y 1545
A5, AT T T A BRSO 6 AR SE BRI,
FeFEAT T SRR . = RIS ARk,
HIFHATRER = (DI K bk s (2)R8 H #5 HEk
I Q)i o BIBR R 58 = U Y
RO 1429 4, Hp, FtEH D4 636 4,
WAET VAR 793 4, ARG 14.88 % (e
1.80). 1% RAEAMEFE P Y N — B R I R 4F
(T1 Cronbach’s o = 0.902; T2 Cronbach’s a = 0.906;
T3 Cronbach’s a = 0.922),

XFFHEHLBORE 1429 #7504, Hh A 5884
PRy plh 1288 A, Aok EIE I #Lh 141 A,
diEE 9.9%. XA pxitit, Hibh p Z2iEH D
(L 1429 £0), i RIR AR R R A H (3t 20 E),
B0 i S o R H AR, B T1, T2
A T3 1 H 2475550 % 1429 44 80 R £l e

525000 WAlTE, AT I 2200 PN “ S
7 (HEAH)(Tong & Brennan, 2007)., K i A&A
ZEWEN SRR S, BTV TEE B K MCMC
BAGTE O 2200, TR ZE R ANEE 9 iR,

MR 9 AT, RN DT IR R A5 IR AR AT, X
LU RN 5 E— 3. M S, HMC 2K AR
F M-H F1 Gibbs J5# .

42  pxixhiZitSLiEEE

K SDS R, X} 1429 7 DA T A e —
EREE N, XA pxixhigit, Hri p &
TR DAEEE 1429 £2), | TR AR F R AY A H (3L 20
W), h&AR RS IR (TT FT3) 0y 8 A I
R 9.9%, 5EMTEH 22 LT pxi kit —
FE, X 1429 A0 B S EE 5000 AL,
fl T T 25 0 580 R “S 40 (EA{H)(Tong &
Brennan, 2007), H K AT A BA ZEdE 00 85
BT JCAE BSEE MCMC 7 iEAhit 7 2200 i,
FAS L5 F 43 10 iR .

MR 10 AT, BRI 22 2R IAE M-H Fl
Gibbs ) o* (h) k=, {H HMC ¥k o (h) 55851,
XSGR EE R S5 —3L,

5 ZERTHE

51 Z=# MCMC HREFERER

TE B 1 32 T pxi AL H, M-H &
. Gibbs fliFEFT HMC B ¥EAE A E 440 R #RAESR
SHERf AR T 7 2543 5 o FE U T 22 i3] pxixh
BRI o, A BB M er & 0T,
M-H Bk . Gibbs fliFEAI HMC B3k Al e s
A IAETOfR BSR4 T, HMC B9E X Jr 2247
AR M . M-H B Gibbs BVETE TG
5 B I8 2 F T A T RUIN T 28 SR Y 254y 1
o’ (h) B, AT 22 0ot K o DG S 7 B0 Thj 58 L

RO pxi BUHFESENHITERERK 9.9%)

P DN TR % fHE a*(p) (i) o2 (pi)
vC 4.005 17.800 65.102

M-H Bias 0.005 1.800 1.102

RMSE 1.091 6.306 2.189

vC 3.999 17.089 64.199

MCMC non Gibbs Bias -0.001 1.089 0.199
RMSE 1.189 2.501 2.236

vC 3.999 16.704 64.177

HMC Bias -0.001 0.704 0.177

RMSE 1.255 2.788 2.202




5510 1 O LT MCMC = FlikE 77k AR AL BEIE 7 22 40 B A T e o e 3% 2163
Rz 10 pxixhiEtFESESEITERELR 9.9%)

ERAERS MR MNIHE a*(p) (i) o?(h) o*(pi) o?(ph) o(ih) o*(pih)
vC 16.983 3.559 49.404 63.245 1.388 3.988 145.700

M-H Bias 0.983 —0.441 48.404 —0.755 -0.612 0.988 1.700

RMSE 3.639 2.745 92.002 5.007 1.400 2.207 5.459

vC 16.515 3.563 61.309 63.673 1.405 3.889 145.288

MCMC non  Gibbs Bias 0.515 -0.437 60.309 -0.327 -0.595 0.889 1.288
RMSE 3.465 2.769 190.202 5.415 1.428 2.208 5.309

vC 16.529 2.119 2.071 62.600 0.587 3.753 146.612

HMC Bias 0.529 -1.881 1.071 -1.400 -1.413 0.753 2.612

RMSE 3.690 3.289 5.761 6.608 1.789 3.308 6.7822

B, R U T A2 SR, M-H B A
Gibbs filiFEXT 5 22 0 F HOAG T A5 R B D — 2 #
BT, XU T A B TEfE Bl AT, i
X o () M AT B R — B I 22 . M-HL B
LM Gibbs fiEEXI I 22 0 AL TR B — 2k, 5
PR AIIRE 5 1 B D R RT3 A OGS

TESSEI SR, AR pxiit SSEEdE, i
R pxixhigih SCUEEE, H 45 2R S BT ST Ry 25
WILP5Ee—8, 7 pxil%it SHEEdE+, M-H J5
7. Gibbs Jrik Rl HMC ik iy 25 sREs ey, A2
pxix it STUEEE H, M-H J573% F1 Gibbs J7 35 1E
fliF o (h) i, thELT B B 2% L RMSE Hiek,
ifi HMC 9781 o (h) fi 22 HMR SR B/

HMC 57k 2 0 DU JR 2 G 1 ) B 1
Leapfrog £ ARAZE & 5¢ BUAE B — R AL 7%, 8
TAJR IR A, BARCREE, BRI A
Y 1) 5K g 7] B8 (Lopilato et al., 2015; Nugroho &
Morimoto, 2015; Pakman & Paninski, 2014), HMC
S R RS . O T 5 SR, R
HRGBR AT, HMC BILRERHERALIT o2 (h),
1M M-H 5351 Gibbs filAE R Al 710 22 #RER . X
FH, HMC 535 A BOR R v
52 MMM Xigit h MEAKFHPES

XU T 52 Bt JefE B e g 2 1 T i Al
SRATRES h M A K- 2 43 5K TR 22 Ry BF
FErb, B h T KRR, M-H 55 Gibbs
FIRE A T 22 B /), JUHGE R 4 25,
HAGTH 5 R B B L A 5 B e g0 F & e RS g 2%
PER AR, X R, EERAERAIT,
M-H 51 Gibbs filiBEXT o2 (h) ROAG T2 B4 22,
5 AT ) KRN R

Moore (2010)F5E T Hir A A (8 ik 00 ]

T AR K-8, 5 FH 2 A2 A6 288 E Y e 49 (Ratio of
persons to items)ZF /R MTAIZK -2 e, 75 HAE R
A7 0.13 21| 120, #H5 LAFAERFIE H O T K S50 2 L,
Moore (2010)%f € T AH N IF 5T A 114 0 2 0] T 45 &,
It BN £ A T 7K ST KR 2 X T 25 43w 00 Ak 145
FEAE—E R . Y h U R KCEECR 2 B, M-H
SR Gibbs SFERUAT TR ERAR, T HMC 5k
Mo HJE, 4 h M A7KFECh 4 XU ERE, M-H
BYE I Gibbs filRE S HMC Bkl . X ik—
AR, HMC SRk BA Bs iy adatk, ABe% sk h
T ) 7KSF B0 SR 2 . 47 M-H B7LF1 Gibbs
FEZE S HMC BLAE TR REAR S, 075 1 2 XU
1A 28 AT h KPR F a4 T 4030 R B, 3L
T 32 SCBETHTE DA T K S BB 4 s A A

HMC BEAEZHIEN TS M-H Bk, Gibbs
TR R AR T T 2RI — 3, AR AR AN R A 3 B0 T
A8 S AU T 22 SR O 25 0 . (HE,
M-H 51 Gibbs filtAEZS 5 52 31 h T (4 7K P-4
Kysgm, FWHAERME, B2, 5 Gibbs ke
Al M-H B, HMC BkRk R AT,
EAHE
53 SEEEMEKLEFHIX A ESEEITHIRE

eI AR B SR Iy A AN TE, T ]
XF 7 2543 AR T2 M AR /N, 78 B T A8 S,
SRR SRS o A AR R U 22 i AN TE R B 2% AR
AN, HAE B MR R R0 220510
Fl T ER PR R4 R o 7E BN T 58 X BETH, = Ao
B {5 B 7 2 s A A R Ay B, 2
A5 B AW E S8 5500 T 5 22 70w i Ak
WERR PR AT, X SR AR 45 3 — 3 (Lopilato et al.,
2015),

TE B 1T A8 SR T FDSUM T A2 T, =
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L

FhE R LU B S50, 5 22 50 i A TH R I 25 S 4
BN, XWE—KHE T MCMC FIETE GT Hfg
5 352 Gy b Ab BRER G EHE, MCMC Jrik b3 GT 1Y
B G B e 2R I D AR AR AR P . MCMC J7 i RE8
EE A AL GT 44 A B R Bdls, R
BRI R, X HE Oy 2 00w Al i O e AN g
HABLEY o

MBI T B AT R, 5 5 52 kit
FH G, KU T 28 ST FE SR 1 B T B2, A BH AT 5%
WIS 2%, MCMC J7 ik PR e R . 5 M-H
VL Gibbs flEE AR L, HMC 5832 1932 30 i ) S
XA RE S HAETE M E A G, HansritEdliz
TR B A XTSRS TR K, A S
e 8- i ST O
54 FBRERE

H—, AT GT WFFEH By P Fh DL 5614
BRI T A8 SR AR [T 38 SR, AR
FE ] DL AR SER AN (6] it T ek e At g i 46 1
WO T 220 A TR, ik E R RNR AT
& (Vispoel et al., 2023), H:. =, SIcEE AL PRAY
DN £ aok AR R AR UL, AR T 58 A B ALk 2 X
225 AT UERR PR A SE R, AR SR AT AT BG It F A
BRRHLTI R 5%, anREMLERC FIAEREPLER L % (Van
Hooijdonk et al., 2022), H =, BUMFFE 2 224N
BORER, AR R A Xy 28 4y Al T 5
W, Hh=4 23T pxi Ml pxixh W2 T
RAFI, AR FE O] T R A N BRI % 7
Zor AT s, Wl T E 2RI T h
A TR AR AR S 0 5 26 43 i Al T Y5

6 45t

(/D EER B2 X MCMC = Riliee 7 v )L
TCRM, FW MCMC XF T B i Al B A 5
YR fEEE

Q)M b, XFH 2T S, AR
B AN T 28 56 M S 50 Al T4 T AR B B 50 Ak T iR A
PET R

(3){X HMC Bk “BSUitie” , 7Emifp
Wit Z AT ER AR S, 2 M-H SR A
Gibbs HMFEHIZ IR T o (h), fhiitiEsrE#8A .

(4)45 M-H 5.1 F1 Gibbs filiBETR 58 il o (h) £
TR AN S R B, MR RLE h=4; Kk
58 & FE 41 MCMC J7 ik, HMC 8k {15
Heti

Z % x M
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Comparing the accuracy of three sampling algorithms of MCM C method
for estimating variance componentsin generalizability theory

LI Guangming

(School of Psychology, Center for Studies of Psychological Application, South China Normal University, Guangzhou 510631, China)

Abstract

Generalizability theory (GT), a modern psychometric framework, has been widely applied in practice. Its efficacy

relies on the accurate estimation of variance components. While variance components are traditionally estimated using
methods such as analysis of variance (ANOVA), Bootstrap, Jackknife, MINQUE, and restricted maximum likelihood
(REML method), Bayesian Markov chain Monte Carlo (MCMC) estimation has demonstrated advantages. However, the
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performance of MCMC depends on the chosen sampling algorithms. Local update algorithms, such as
Metropolis-Hastings (M-H) algorithm and Gibbs sampling, are prone to random walk behaviors and slow convergence,
particularly when conditional distributions are complex or parameters are highly correlated. Although the Hamiltonian
Monte Carlo (HMC) algorithm effectively suppresses random walk behavior and handles high-dimensional, complex
models efficiently, its application to the estimation of variance components within GT remains unexamined. To date, no
published studies have compared M-H algorithm, Gibbs sampling, and HMC algorithm in this context.

This study evaluated and compared the estimation accuracy of three sampling algorithms of MCMC method across
two common GT research designs: the one-faceted crossed design (pxi)and the two-faceted crossed design
(pxixh). Using simulation methodologies, we manipulated three independent variables: (1) sampling algorithms
(M-H, Gibbs, and HMC), (2) prior distributions (informative, non-informative, and empirical), and (3) missing data
ratios (0%, 5%, and 10%). The dependent variables were the estimated variance components, Bias, and Root Mean
Square Error (RMSE).

In simulation study, we generated data using R software, with 1000 batches of data generated for the pxi and

the pxixh. For the generated data, R software implemented the estimation of variance components for M-H

algorithm, Gibbs sampling, and HMC algorithm by calling the corresponding software package. In empirical research, a
batch of data containing 1429 participants was used to validate the conclusions drawn from the simulation study, and it
was found that the empirical research results were almost consistent with the simulation research results.

The research results indicated that: (1) low ratios of missing data (up to 10%) yielded negligible effects
across all three algorithms, demonstrating the robust handling of missingness inherent to MCMC:; (2) across all
conditions, informative and empirical priors yielded higher estimation accuracy than non-informative priors;
(3) HMC algorithm uniquely exhibited “cross-design” stability, maintaining high accuracy across both the pxi

and the pxixh, whereas M-H algorithm and Gibbs sampling demonstrated structural limitations and lower
accuracy; and (4) for M-H algorithm and Gibbs sampling to achieve acceptable accuracy in higher-dimensional
spaces, a minimum of four levels for the h facet (h =4) was required. Consequently, we highly recommend that

future GT researchers utilizing Bayesian MCMC frameworks adopt the HMC algorithm.
Keywords generalizability theory, estimating variance components, MCMC method, M-H algorithm, Gibbs
sampling, HMC algorithm



